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The crystalline color superconducting phase is believed to be the ground state of deconfined
quark matter for sufficiently large values of the strange quark mass. This phase has the remark-
able property of being more rigid than any known material. It can therefore sustain large shear
stresses, supporting torsional oscillations of large amplitude. The torsional oscillations could lead
to observable electromagnetic signals if strange stars have a crystalline color superconducting crust.
Indeed, considering a simple model of strange star with a bare quark matter surface, it turns out
that a positive charge is localized in a narrow shell about ten Fermi thick beneath the star surface.
The electrons needed to neutralize the positive charge of quarks spill in the star exterior forming
an electromagnetically bounded atmosphere hundreds of Fermi thick. When a torsional oscillation
is excited, for example by a stellar glitch, the positive charge oscillates with typical kHz frequen-
cies, for a crust thickness of about one-tenth of the stellar radius, to hundreds of Hz, for a crust
thickness of about nine-tenths of the stellar radius. Higher frequencies, of the order of few GHz,
can be reached if the star crust is of the order of few centimeters thick. We estimate the emitted
power considering emission by an oscillating magnetic dipole, finding that it can be quite large, of
the order of 1045 erg/s for a thin crust. The associated relaxation times are very uncertain, with
values ranging between microseconds and minutes, depending on the crust thickness. The radiated
photons will be in part absorbed by the electronic atmosphere, but a sizable fraction of them should
be emitted by the star.
I. INTRODUCTION
One of the routes for studying the properties of matter
at very high densities is by the inspection of the proper-
ties of compact stellar objects (CSOs). These are stars
having a mass of 1− 2M⊙ and a radius of about 10 km,
typically observed as pulsars. Baryonic matter inside a
CSO is squeezed at densities about a factor 3-5 larger
than in heavy nuclei. From a simple geometrical reason-
ing one can argue that in these conditions baryons are
likely to lose their identity [1] and a new form of matter
should be realized.
One possibility is that the extremely high densities and
low temperatures may favor the transition from nuclear
matter to deconfined quark matter in the core of the
CSO [2–5]. In this case compact (hybrid) stars featur-
ing quark cores and a crust of standard nuclear matter
would exist.
A second possibility is that strange matter is the
ground state of the hadrons [6]. In this case at high
densities there should exist the possibility of converting
nuclear matter to deconfined matter. The resulting CSO
would be a strange star [7, 8], i.e a CSO completely con-
stituted of deconfined matter, see [9] for a review.
Unfortunately these two possibilities cannot be
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checked by first principle calculations. Indeed at the
densities relevant for CSOs, quantum chromodynamics
(QCD) is nonperturbative, because the typical energy
scale is about ΛQCD. Moreover, lattice QCD simulations
at large baryonic densities are unfeasible because of the
so-called sign problem [10], see [11] for a recent review
and [12] for a study of an inhomogeneous phase.
Although not firmly established by first principles, it
is reasonable to expect that if deconfined quark matter
is present, it should be in a color superconducting (CSC)
phase [13–15]. The reason is that the critical tempera-
ture of color superconductors is large, Tc ≃ 0.57∆, where
∆ ∼ 5 − 100 MeV is the gap parameter. For the great-
est part of the CSO lifetime, the temperature is much
lower than this critical temperature and the CSC phase
is thermodynamically favored.
It is widely accepted that at asymptotic densities,
when the up, down and strange quarks can be treated
as massless, the color-flavor locked (CFL) phase [16] is
the ground state of matter. This phase is energetically
favored because quarks of all flavors and of all colors form
standard Cooper pairs, thus maximizing the free energy
gain. However, considering realistic conditions realizable
within CSOs a different CSC phase could be realized.
The reason is that the nonzero and possibly large value of
the strange quark mass, Ms, combined with the require-
ment of beta equilibrium, electromagnetic and color neu-
trality, tends to pull apart the Fermi spheres of quarks
with different flavors [17]. The mismatch between the
2Fermi spheres is proportional to M2s /µ, where
µ =
µu + µd + µs
3
, (1)
is the average quark chemical potential. The free energy
price of having simultaneous pairing of three-flavor quark
matter increases with increasing values of M2s /µ. Since
the free energy gain is proportional to the CFL gap pa-
rameter, ∆CFL, if M
2
s /µ > c∆CFL, with c a number of
order 1 [18], a different and less symmetric CSC phase
should be favored. One possibility is that the crystalline
color superconducting (CCSC) phase is realized [15, 19–
21]. In this phase quarks form Cooper pairs with nonzero
total momentum, and there is no free energy cost propor-
tional to M2s /µ. The only free energy cost is due to the
formation of counterpropagating currents; see for exam-
ple the qualitative discussion in [21].
Actually, with increasing values of M2s /µ various in-
homogeneous CSC phases can be realized, because the
system has many degrees of freedom [15]. The CCSC
phase should be favored for certain values of the chem-
ical potential mismatch. In reality, the CCSC phase is
not one single phase but a collection of phases, character-
ized by their crystalline arrangements, which are favored
for different values ofM2s /µ. The Ginzburg-Landau (GL)
analysis of [20] has shown that in three-flavor quark mat-
ter there are two good candidate structures that are en-
ergetically favored for
2.9∆CFL .
M2s
µ
. 10.4∆CFL . (2)
This range of values is certainly model dependent,
moreover the GL expansion is under poor quantitative
control [15]. For this reason we shall consider strange
star models in which both the CFL phase and the CCSC
phase are realized. Since the CFL phase is expected to
be favored at high densities, we shall assume that it is
realized in the core of the CSO. The CCSC phase is fa-
vored at smaller densities and constitutes the crust of the
CSO. The radius, Rc, at which the CFL core turns into
the CCSC crust will be used as a free parameter. We
shall restrict our analysis to bare strange stars [7], mean-
ing that we shall assume that on the top of the strange
star surface there is no other layer of baryonic matter.
Our model of strange star resembles the typical onion
structure of a standard neutron star with a solid crust
and a superfluid core. It is similar to the model discussed
in [22] for studying r−mode oscillations. In that work the
core radius was determined using a microscopic approach;
instead we treat Rc as a free parameter.
One quantitative difference between our model and
standard neutron star models, is that the CCSC phase is
extremely rigid, much more rigid than the ironlike crust.
The shear modulus of the energetically favored phase can
be obtained studying the low energy oscillations of the
condensate modulation [23–26]. In particular, the low
energy expansion of the GL Lagrangian of [26] leads to a
shear modulus
ν ≃ ν0
(
∆
10 MeV
)2 ( µ
400 MeV
)2
, (3)
where
ν0 = 2.47
MeV
fm3
, (4)
will be our reference value. The reader is warned that the
actual value of the shear modulus might differ from ν0
by a large amount because of the various approximations
used in [26]. The value of ∆ is also uncertain, with rea-
sonable values ranging between 5 MeV and 25 MeV, see
the discussions in [15, 26]. Regarding the quark chemical
potential, we shall consider the values obtained in the
construction of hydrodynamically stable strange stars.
The shear modulus of different crystalline structures is
proportional to ν, with corrections of the order unity.
Since in our treatment we shall only exploit the rigid-
ness of the CCSC phase giving the order of magnitude
estimates for the various computed quantities, the actual
crystalline pattern is irrelevant for our purposes.
Taking into account the uncertainty in the gap param-
eter and in the quark chemical potential, it can be esti-
mated that the value of ν is larger than in conventional
neutron star crust (see for example [27]), by at least a fac-
tor of 20−1000 [26]. This large value of the shear modulus
is due to the fact that the typical energy density associ-
ated with the oscillations of the condensate modulation
is µ2∆2, where ∆ is determined by the strong interaction
in the antitriplet channel. Instead, in conventional neu-
tron star the associated energy is at the electromagnetic
scale.
Given the large shear modulus, one immediate conse-
quence is that CCSC matter can sustain large deforma-
tions. In Refs. [22, 28–31] it has been studied the emis-
sion of gravitational waves by various mechanisms that
induce a quadrupole deformation of the CCSC structure.
See also [32] for a discussion of a different mechanism of
gravitational wave emission from strange stars.
In the present paper we shall instead consider the elec-
tromagnetic (EM) emission by strange stars with a CCSC
crust. Since the strange star surface confines baryonic
matter but allows the leakage of electrons, it follows that
at the star surface there is a charge separation at the
hundreds of Fermi scale [7]. Because of the large shear
modulus, our model of bare strange star can sustain large
and fast torsional oscillations, leading to a periodic dis-
placement of the surface charge. We shall see that the
frequencies of torsional oscillations are of the order of
MHz if the crust is hundreds of meters thick. Lower fre-
quencies are reached if the crust is a few kilometers thick;
GHz frequencies are reached if the crust is few centime-
ters thick.
The amplitude of the oscillations at the star surface
is in any case of the order of centimeters, leading to an
enormous emitted radiation, of the order of 1041 erg/s,
steeply increasing for thin crusts. Thus the oscillation
3energy should be radiated away very efficiently, on time
scales of milliseconds or even microseconds for a thin
crust and of the order of hundreds of seconds for a thick
crust. More in detail, we shall determine the frequency,
the amplitude, the damping times and the emitted power
as a function of the various parameters that characterize
the strange star.
This paper is organized as follows. In Sec. II we dis-
cuss spherically symmetric strange stars in hydrodynam-
ical equilibrium. In Sec. III we determine the charge
distribution close to the surface of the strange star. In
Sec. IV we study the torsional oscillations of the strange
star, estimating the frequencies, the emitted power and
the decay time as a function of the various parameters
of the model. We draw our conclusions and a possible
connection with astronomical observations in Sec. V.
II. EQUILIBRIUM CONFIGURATIONS OF
SPHERICALLY SYMMETRIC STRANGE STARS
For a spherically symmetric nonrotating star, the un-
perturbed background can be described by the static
metric
ds2 = gµνdx
µdxν = −e2Φ(r)dt2+e2Λ(r)dr2+r2dΩ2 . (5)
The relation between the function Λ(r) and the mass
distribution m(r) is given by the solution of Einstein’s
equations inside the star, namely
e2Λ(r) =
[
1− 2m(r)G
r
]−1
, m(r) =
∫ r
0
dr′ r′2 ρ(r′) ,
(6)
where ρ(r) is the energy density of the fluid. The equi-
librium structure is obtained by solving the Tolman-
Oppenheimer-Volkov (TOV) equation
∂p
∂r
= −G(p+ ρ)
(
m+ 4pip r3
)
r(r − 2Gm) , (7)
once the equation of state (EoS) p(ρ) is specified. The
star radius, R, is determined by the boundary condition
on the pressure p(R) = 0, simply meaning that the pres-
sure at the surface of the star should vanish.
The gravitational potential Φ can be found from
∂Φ
∂r
=
G
(
m+ 4pi p r3
)
r(r − 2Gm) , (8)
once p is derived from the solution of Eq. (7). Outside
the star, for r > R, defining m(R) =M , we have that
e2Λ(r) =
(
1− 2MG
r
)−1
, e2Φ(r) = 1− 2MG
r
. (9)
In the present work we consider a simple strange
star model, entirely composed of deconfined three-flavor
quark matter in the CSC phase. The detailed form of the
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FIG. 1: Mass radius relation for strange stars with the EoS
given in Eq. (10) for the two sets of parameters values dis-
cussed in the text. Changing these parameters it is possible
to span a large range of values of mass and radius. The black
dots represent the equilibrium structure assumed as reference
models in this paper.
CSC phase is not important here, because quark pairing
should account for a small variation of the quark matter
EoS.
Since for the range of densities attainable in compact
stars QCD perturbative calculations are not trustable,
we use the general parameterization of the EoS given in
[33]
ΩQM = − 3
4pi2
a4µ
4 +
3
4pi2
a2µ
2 +Beff , (10)
where a4, a2 and Beff are independent of the average
quark chemical potential µ. This parameterization can
be seen as a Taylor expansion of the grand potential, with
phenomenological coefficients (see [33] for a discussion of
the relevant range of values of each parameter). In or-
der to take into account the impact of the uncertainty
of these coefficients on our results, we consider two ex-
treme situations, namely A (a4 = 0.7, a2 = (200 MeV)
2
and Beff = (165 MeV)
4) and B (a4 = 0.7, a2 = 0 and
Beff = (145 MeV)
4). In Fig. 1 we report the mass-radius
sequences obtained solving the TOV equations using the
above EoS for the two different sets of parameters. The
largest attainable mass with each set will be our reference
model, represented as a black dot in Fig. 1. In detail: -
Model A, with a total mass ofM = 1.27M⊙, R ≃ 7.1 km
and ρc ≃ 5 ∗ 1015g/cm3; - Model B, with M ≃ 2.0M⊙,
R ≃ 10.9 km and ρc ≃ 2 ∗ 1015g/cm3. The presence
of electric charge is expected to produce corrections on
masses and radii of strange quark stars at the 15% and
5% levels, respectively [34].
In both models we assume that at a certain radial dis-
tance, Rc = aR with 0 ≤ a ≤ 1, there is a phase tran-
4sition between the CFL phase and the CCSC phase. In
Fig. 2 we show a pictorial description of the star struc-
ture. Since the values of Ms and of the gap parameters
are unknown, it is not possible to determine from first
principles the radial distance at which the CFL phase
turns into the CCSC phase. For this reason we treat a as
a parameter. More in detail, in our model we are assum-
ing that the CFL-CCSC phase transition does not change
in an appreciable way the EoS. Thus, our assumption is
that at a given Rc the pressure of the CCSC phase and
of the CFL phase are equal, but the difference between
the pressure of these two phases is always small in the
sense that computing the star mass and radius using only
a CFL EoS or only a CCSC EoS does not change the re-
sults in an appreciable way. This is a fair approximation
as far as the gap parameter in both phases are similar
and much less than the average chemical potential. Our
model is basically the model discussed in [22], but we
treat a as a free parameter, whereas they compute it by
a microscopic theory.
electrosphere
RcR
CFL
CCSC
FIG. 2: Sketch of the structure of the considered bare strange
star model. The star core extends up to a radius Rc, and is
made by color-flavor locked matter. The crust is made by
the extremely rigid crystalline color superconducting matter.
The star radius, R, is determined by the solution of the TOV
equation (7) with the EoS in Eq. (10). We treat the core
radius, Rc = aR, as a free parameter. The strange star is
surrounded by a cloud of electrons, the electrosphere, having
a width (not in scale in the figure) of hundreds of Fermi, see
Sec. III.
III. CHARGE DISTRIBUTION
It is very interesting to study the charge distribution
close to the surface of the strange star. The reason is that
quarks are confined inside the strange star by the strong
interaction, while electrons can leak by a certain distance
outside the star and are bound only by the electromag-
netic interaction [7]. As we shall see in detail below,
electrons form an electrosphere hundreds of Fermi thick
on the top of the star surface. This negative charge is
compensated by a positive charge of quarks in a narrow
layer, about 10 fm thick, beneath the star surface.
Let us see how this charge separation happens. At
equilibrium, the chemical potentials associated to any
free particle species must be constant, i.e. space indepen-
dent, otherwise particles would move to compensate the
chemical potential difference. However, in the presence
of an electrostatic potential, φ, the density of particles
can be space dependent. In the local density approxi-
mation this fact can be taken into account defining the
space dependent effective chemical potential
µi(x) = µi + eQiφ(x) , (11)
where Qi is the charge of the species i, in units of the
electric charge, e. Note that because of the weak process
u + d ↔ u + s one has µs(x) = µd(x). Note also that
the average chemical potential, µ, see Eq. (1), is space
independent; indeed µu(x) + µd(x) + µs(x) = µu + µd +
µs = 3µ.
To simplify the charge distribution treatment, we shall
assume that the leading effect of color interactions is
to provide confinement of quarks in the interior of the
star [7]. This is a good approximation if the sublead-
ing effect of color interactions is the quark condensation.
Indeed quark condensation is expected to produce correc-
tions to our results of the order ∆/Ms. Since the surface
of the star is in the CCSC phase it amounts to less than
10% corrections. We also neglect the fact that in the
CCSC phase the U(1)em is rotated to a U˜(1), because
the mixing angle between the photon and the pertinent
color field is small [14–16].
Therefore, we approximate the number density of the
fermionic species, ni, as a free Fermi gas, meaning that
ni(x) = Ci
kF,i(x)
3
3pi2
, (12)
where Ci is a factor taking into account the color degrees
of freedom and kF,i(x) =
√
µi(x)2 −m2i is the Fermi
momentum, with mi the mass.
The number density of quarks ends abruptly at the
surface of the star, but the number density of electrons
extends over distances r > R, determining the thickness
of the electrosphere. If the charge distribution varies in a
region much smaller than the star radius, it is possible to
approximate the geometry of the interface as planar. We
shall assume that this is the case and then check that it
is a good approximation. For a planar interface Poisson’s
equation reads
d2φ
dz2
= e
∑
i
Qi ni(z) , (13)
5where z measures the distance from the quark matter
discontinuity, located at z = 0; the star interior corre-
sponding to z < 0.
Two boundary conditions are obtained requiring that
the charge density vanishes far from the interface. For
the sake of notation we define
V (z) = µe(z) = µe − eφ(z) , (14)
and we can rewrite the Poisson’s equation as
d2V
dz2
= −4αem
3pi
∑
i
QiCi k
3
F,i . (15)
Considering the weak equilibrium processes, the effective
quark chemical potentials can be written as
µu(z) = µ− 2
3
V (z) , µd(z) = µs(z) = µ+
1
3
V (z) , (16)
and the corresponding number densities can be obtained
substituting these expressions in Eq. (12). In principle
the average quark chemical potential depends on the ra-
dial coordinate as well. Indeed from the EoS we can
determine for any value of r the function µ(r). However,
the average quark chemical potential varies on the length
scale of hundreds of meters at least, much larger than the
length scale of the quark charge distribution, which as we
shall see below is of few tens of Fermi at most. Since the
z = 0 region corresponds to the star surface, we can take
µ ≃ µR ≡ µ(R). We report in Table I the values of these
quantities for the two considered models.
No net charge is present far from the boundary, there-
fore we require that
ne(z)z→+∞ = 0 , (17)
and that[
2
3
nu(z)− 1
3
nd(z)− 1
3
ns(z)− ne(z)
]
z→−∞
= 0 . (18)
Neglecting the electron mass the first condition leads to
V (+∞) = 0; neglecting also the light quark masses the
second condition leads to
V 3q = 2
(
µR − 2
3
Vq
)3
−
(
µR +
1
3
Vq
)3
−
[(
µR +
1
3
Vq
)2
−M2s
] 3
2
(19)
that fixes a relation among Ms, µR and Vq = V (−∞).
Assuming that at the crust-electrosphere interface
there is no surface charge, we obtain a third boundary
condition requiring that the electric field is a continuous
function at z = 0. This boundary condition can be used
to obtain an expression of the effective electron chemi-
cal potential at the surface that depends on Vq and µ,
approximately given by
V0 = Vq −
V 2q
2
√
3µ
+O(V 3q /µ2) . (20)
Note that in most of the studies it is assumed that the
quark distribution is constant, leading to V0 = 3/4Vq,
see [7]. Here we have instead used the free Fermi gas dis-
tribution for quarks, but the quantitative result remains
basically the same: the surface potential V0 is smaller
than Vq by a not great amount.
The Poisson’s equation (15) can be analytically solved
for positive values of z and we find
V (z) =
V0
1 +
√
2αem
3pi V0z
for z > 0 . (21)
Upon substituting the expression above in Eq. (12) (tak-
ing Ce = 1), one readily obtains the electron distribution
for positive z.
In the interior of the star the Poisson’s equation must
be solved numerically. For negative values of z we obtain
by a fit of the total charge distribution,∑
i
Qi ni(z) = b e
z/d z ≤ 0 , (22)
where the b and d are two parameters describing the max-
imum charge density and the Debye screening length of
the total charge distribution, respectively. The screening
length has been computed in a different way in [35], find-
ing results analogous to ours. The values of V0 and of
the fitting parameters b and d for the considered models
and for two values of Ms are reported in Table I. In the
interior of the star, the positive charge distribution cor-
responds to a shell of thickness less than 10 fm peaked
at r = R. This result is basically independent of the
considered star model and of the strange quark mass. It
relies on the fact that we are considering that the domi-
nant charge carriers in the interior of the star are gapless
quarks. Indeed, in the relevant CCSC phases quarks have
a linear direction dependent dispersion law, see [15, 20].
Moreover, unpaired quarks are as present as well. For
this reason the Debye screening length is approximately
given by the free Fermi gas expression for three massless
flavors,
d ≃ dFermi gas =
√
pi
8αemµ2
∼ 5 fm (23)
for µ = 300 MeV.
The number density at the surface is approximately
independent of the considered model, but depends on
the chosen value of the strange quark mass. The reason
is that with decreasing strange quark mass the electronic
density decreases. This effect can also be seen from the
values of the positive surface charge density beneath the
star surface
Q+ = e
∑
i
Qi
∫ R
0
dr ni(r) , (24)
reported in the last column of Table I. This positive
charge is balanced by the electron negative charge out-
side the star. The electron distribution extends out-
side the star for a distance approximately given by
6(
√
4αem
3pi M
2
s /µ)
−1, see Eqs. (19), (20) and (21), of the
order of hundreds of Fermi. Therefore, the length scales
of both charge distributions are much less than the star
radius.
Model µR [MeV] ρR [g/cm
3] Ms [MeV] d [fm] b [MeV
3] V0 [MeV] Q+ [MeV
3 fm]
A 387 9.0 × 1014 150 3.8 4.5× 103 14.2 1.7× 104
A 387 9.0 × 1014 250 3.9 3.0× 104 37.4 1.2× 105
B 302 4.1 × 1014 150 4.9 5.5× 103 17.8 2.7× 104
B 302 4.1 × 1014 250 3.3 5.2× 104 46.9 1.7× 105
TABLE I: Values of the parameters characterizing the surface of the two considered star models. The second and third columns
represent the average quark chemical potential and the matter density at the surface of the star, respectively. Considering two
different values of the strange quark mass we report for each stellar model the parameters d, b and V0 characterizing the charge
distributions, see Eqs. (21) and (22), and the positive surface charge density, Q+, see Eq. (24).
Note that, in principle, a charge separation should oc-
cur as well at Rc , at the CFL-CCSC interface; the rea-
son being that the bulk CFL matter has vanishing elec-
tron chemical potential [14–16]. However, whatever phe-
nomenon takes place at the CFL-CCSC interface should
be screened by the overlying CCSC layer.
IV. NONRADIAL OSCILLATIONS
We now consider the possible oscillations of the above
determined charge distribution. In particular, we are in-
terested in nonradial oscillations, which can generate an
EM current at the star surface.
Stars have a large number of nonradial oscillations,
which can be classified as spheroidal and toroidal oscil-
lations, see for example [36]. For definiteness, we fo-
cus on torsional oscillations [37–40], a particular class of
toroidal oscillations. The torsional oscillations are the
only toroidal oscillations in nonrotating stars with a neg-
ligible magnetic field [36]. These oscillations can be pro-
duced by acting with a torque on a rigid structure, as
shown in Fig. 3 for a simple rigid slab. When the applied
forces are parallel to the sides of the slab they produce a
deformation of the structure. As the external torque van-
ishes, the slab starts to oscillate around the equilibrium
configuration. The restoring force is proportional to the
shear modulus and the frequency of the small amplitude
oscillations is given by
ω ∝ 1
D
√
ν
ρ
, (25)
where D is the thickness of the slab. The slab can be
thought as a local approximation of the CCSC crust, and
therefore we expect that the frequency of the crust tor-
sional oscillations has the same qualitative dependence on
ν, ρ and the crust thickness, D = R−Rc as in Eq. (25).
Our interest in the torsional oscillations is clearly due
to the fact that in the CCSC phase the shear modulus is
extremely large and can therefore sustain large amplitude
oscillations. We shall show that for a sufficiently thin
CCSC crust, the frequency of the oscillations lies in the
MHz radio-frequency range, whereas for a thick CCSC
crust the frequency of the oscillations lies in the hundreds
of Hz range.
L θ
−F
F −θ
D
FIG. 3: Pictorial description of the torsional oscillations of a
homogeneous two-dimensional slab with D ≪ L. The equi-
librium configuration corresponds to the one in which all the
horizontal lines are parallel (left panel). A torque applied at
the surfaces of the slab slightly deforms it by an angle θ (cen-
tral panel). As the applied forces vanish the slab starts to
oscillate around the equilibrium configuration, reaching the
configuration with deforming angle −θ (right panel). The
restoring force governing the oscillation is proportional to the
shear modulus, ν. The applied force determines the amplitude
of the oscillation; the frequency of the oscillation is propor-
tional to
√
ν/(ρD2), where ρ is the matter density of the slab.
Given the spherical symmetry of the nonrotating stars,
it is useful to use spherical coordinates for the displace-
7ment vector
ξrnl = 0 ξ
θ
nl = 0 ξ
φ
nl =
Wnl(r)
r sin θ
∂Pl(cos θ)
∂θ
eiωnlt ,
(26)
where l is the angular momentum and n is the principal
quantum number indicating the number of nodes. In the
following we shall study these oscillations in the Newto-
nian approximation. We expect that a treatment with
full general relativity (GR) should give correction fac-
tors of order unity. Given the large uncertainties of the
various parameters of the model, it seems appropriate
to neglect GR corrections. We shall investigate the GR
corrections in a future work.
In the Newtonian limit the velocity perturbation1 is
given by
δunl = iωnlξnl , (27)
and the amplitude of the horizontal oscillation satisfies
the following differential equation
ω2nlWnl =
ν
ρ
[
− 1
ν
dν
dr
(
dWnl
dr
− Wnl
r
)
− 1
r2
d
dr
(
r2
dWnl
dr
)
+
l(l + 1)
r2
Wnl
]
. (28)
The torsional oscillation extends in the CCSC crust and
disappears suddenly in both the CFL phase and the elec-
trosphere. The displacement is discontinuous at these
interfaces because both the CFL and the electrosphere
have a vanishing shear modulus.
We shall simplify the discussion assuming that the
quark matter in the CCSC crust has constant density,
ρ ≃ ρR = ρ(R). This is a good approximation because
in all the considered cases correspond to a CCSC crust a
few kilometers thick at most. In any case, the density of
quark matter in strange stars does not sharply change,
because strange stars are self-bound CSOs. We shall as
well neglect the radial dependence of the shear modulus
and take it as a constant. In this way the displacement
satisfies the following differential equation:
d2Wnl
dr2
+
2
r
dWnl
dr
+
(
ω2nl
v2s
− l(l+ 1)
r2
)
Wnl = 0 , (29)
where vs =
√
ν/ρR is the shear wave velocity. It is useful
to switch to the adimensional variable y = ωnlr/vs, and
to define Wnl = Unl/y. In this way the above differential
equation can be written as
U ′′nl(y) +
(
1− l(l+ 1)
y2
)
Unl(y) = 0 . (30)
1 Eulerian and Lagrangian perturbations are identical for toroidal
oscillations [36].
The solution of this equation can be expressed as a sum
of spherical Bessel and Neumann functions
Unl(y) = c1jl(y) + c2nl(y) . (31)
After an initial stage in which the crust has been ex-
cited by some external agency, we assume that there is
no torque acting on both interfaces of the crust. This
corresponds to assuming the no-traction condition [36],
leading to
U ′nl(y1) = 2
Unl(y1)
y1
U ′nl(y2) = 2
Unl(y2)
y2
, (32)
where y2 = ωnlR/vs corresponds to the CCSC-
electrosphere interface and y1 = ωnlaR/vs = ay2 cor-
responds to the CFL-CCSC interface. One of the two
conditions can be used to eliminate one of the two coef-
ficients in Eq. (31). The other condition determines the
quantized frequencies. For definiteness, we shall here-
after assume that the only excited mode is the one with
l = 1 and with one node2, n = 1. In this case we find
that for a & 0.3 one can use the approximate functions
y2 ≃ pi
1− a y1 ≃
api
1− a , (33)
and the corresponding oscillation frequency is given by
ω11 ≃ 0.06
(
ν
ν0
)1/2(
δR
1km
)−1(
ρR
ρ0
)−1/2
MHz , (34)
where δR = (1 − a)R and ρ0 = 1015g/cm3. Note that
for each set of parameters the equation above gives the
smaller attainable frequency. Radial overtones, having
higher frequencies, could as well be excited by the exter-
nal agency triggering the oscillation of the crust.
As in the simple example of the slab (see the caption
of Fig. 3) the amplitude of the oscillations is determined
by the external agency, which fixes the amount of en-
ergy of each mode. The frequency of the oscillations is
proportional to the shear velocity divided by the crust
width.
For definiteness, we shall assume that a fraction α of
the energy of a glitch excites the l = 1, n = 1 mode; thus
αEglitch =
ρR
2
∫
|δu11|2dV , (35)
where we shall consider as a reference value EVelaglitch =
3×10−12M⊙ as estimated for the giant Vela glitches. Less
energetic glitches, as for the Crab, simply correspond to
smaller values of α. Of particular relevance for us is the
amplitude of the oscillation at the star surface, because it
2 The mode with n = 1 is the first nontrivial mode for l = 1.
Indeed the mode with no nodes (n = 0) corresponds to a global
rotation of the star.
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FIG. 4: Function determining the horizontal displacement at
the surface of the star associated with the considered torsional
oscillation, see Eq. (36).
determines the displacement of the quark electric charge.
The displacement does in general depend on the thickness
of the crust, on the shear modulus and can be expressed
as
W11(R) = A(a)
(
ν
ν0
)−1/2(
R
10km
)−1/2(
αEglitch
EVelaglitch
)1/2
,
(36)
where A(a) is reported in Fig.4.
The amplitude of the oscillations is in general quite
large, of the order of centimeters, except for a ≃ 1. In-
deed, the amplitude vanishes for a = 1, because this case
corresponds to a star completely made of CFL matter. In
the following we shall always consider the case in which
the crust has a macroscopic extension, much larger than
the extension of the positive charge distribution. Notice
that considering a perturbation that excites more modes
does not qualitatively change the above results. The only
effect is a distribution of the total energy among modes
with higher frequency.
The fluctuation of the current density induced by pe-
riodic horizontal displacement associated with the tor-
sional oscillation is given by δJ = e
∑
iQi ni(z)δu11.
The EM vector field in a point outside the source is given
by
δA(r, t) =
∫
δJ(r′, tR)
|r− r′| dV
′ , (37)
where tR = t− |r − r′|. We estimate the emitted power
by considering the moving electric charges as an oscil-
lating magnetic dipole. In the far field approximation
(|r| ≫ |r′|), and for a coherent emission (ω11 ≪ 1/|r′|),
we obtain that
P =
e2pi4ω611
6
(∑
i
Qi
∫ R
0
dr ni(r)r
3W11(r)
)2
sin2(ω11t)
≃ pi
4(ω11R)
6
6
W11(R)
2Q2+ sin
2(ω11t) , (38)
where Q+ is given in Eq. (24). An approximate value of
the radiated power is given by
P (a) ≃ 6.4× 1041
(
y2(a)
6A2(a)
y2(0)6A2(0)
)(
ν
ν0
)2 (
ρR
ρ0
)−3(
R
10km
)−1(
αEglitch
EVelaglitch
)(
Q+
Q
)2
erg/s , (39)
where we have averaged over time and considered as a
reference value for the surface charge density Q = 105
MeV3fm. The values of Q+ for the two considered mod-
els and for two different values of Ms are reported in
Table I. The radiated power increases with increasing a,
meaning that the thinner the crust, the larger the radi-
ated power (as far as the crust remains larger than the
region in which there is a positive electric charge). For
example considering a = 0.9 we obtain a radiated power
of about 1045 erg/s. The radiated power increases be-
cause the oscillation frequency increases with increasing
a. It certainly happens that for a → 1 the amplitude of
the oscillation decreases, see Fig. 4, but it does not de-
crease fast enough to compensate for the increase of the
frequency, and thus the product y2(a)
6A2(a) in Eq. (39)
increases with increasing a.
Approximate values of the damping time, τ , for the
two considered models and for different values of Ms
and ∆ are reported in Table II, for two values of a.
The damping time is computed simply dividing the
energy of the oscillation for the corresponding emitted
power. This certainly gives a rough, order of magnitude,
estimate of the time needed for emitting all the energy.
We find that τ decreases with increasing values of Ms
and/or ∆. The reason is that with increasing values
of Ms the positive charge close to the star surface
increases, see Eq. (22) and Table I. With increasing
values of ∆ the shear modulus increases, see Eq. (3),
and therefore the frequency of the oscillations increases.
Since P ∝ Q2+ω611, the dependence on ∆ is particularly
strong, see Eq. (34) and Eq. (3).
9Model Ms [MeV] ∆ [MeV] τa=0.9[s] τa=0.1[s]
A 150 5 2.0× 10−1 1.7× 103
A 150 25 3.1× 10−4 2.8× 101
A 250 5 4.2× 10−3 3.7× 101
A 250 25 6.7× 10−6 5.9× 10−2
B 150 5 3.3× 10−1 2.9× 103
B 150 25 5.2× 10−4 4.6× 100
B 250 5 8.2× 10−3 7.3× 101
B 250 25 1.3× 10−5 1.2× 10−2
TABLE II: Approximate values of the damping times for the
two considered models for two different values of the strange
quark mass and of the gap parameter. In the third column
we have assumed that a = 0.9, meaning that the CCSC crust
is about 0.7 km (1.1 km) thick for Model A (Model B). In the
fourth column we have taken a = 0.1, meaning that the CCSC
crust is about 6.4 km (9.8 km) thick for Model A (Model B).
So far we have assumed that the electrosphere does
not screen the radiated photons. However, it is conceiv-
able that a sizable fraction of the emitted energy will be
scattered by the electrosphere. The detailed modeliza-
tion of the electrosphere and of the interaction with the
photons emitted by the positive charged quark layer is a
nontrivial problem, see for example [22, 41–43]. We shall
estimate the absorbed fraction considering a completely
degenerate electron gas at small temperature [41]. The
absorption is due to the Thomson scattering of photons
off degenerate electrons and leads to an exponential re-
duction of the emitted power. Assuming that electrons
are degenerate and considering that temperature correc-
tions, of order T/me, can be neglected, one finds that the
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FIG. 5: Radiated power, see Eq. (39), as a function of the
ratio between the core radius and the star radius, a. The
radiated power is normalized to the value for a = 0, corre-
sponding to a strange star with a rigid crust extending from
the surface down to the center of the star.
intensity of the emitted radiation is suppressed by [41]
η = exp
(
−1.129
6pi2
√
3pi
2αem
σTV
2
0
)
, (40)
where σT = 8pi/3(α
2
em/m
2
e) is the total Thomson cross
section. For the considered values of the surface poten-
tial, see Table I, we obtain suppression factors of order
0.1.
V. CONCLUSIONS
We have discussed two very simple strange star models
entirely composed of deconfined color superconducting
matter. Our star models are very similar to those pro-
posed in [22] for the discussion of r−mode oscillations.
We assume that the star core is composed by CFL matter
and there is a crust of rigid CCSC quark matter. The size
of the star crust is unknown, because it depends on the
detailed values of the strange quark mass and of the gap
parameters, which are very uncertain. For this reason we
have treated the ratio between the core radius and the
star radius as a free parameter.
In our treatment of the crust we have determined the
equilibrium charge configuration, in Sec. III, using the
free Fermi gas distributions but at the same time we
have considered CCSC matter, in Sec. IV, as a rigid crys-
talline structure. These two facts may seem to be in con-
tradiction. However, in the relevant crystalline phases,
quarks close to the Fermi sphere have a linear disper-
sion law [15, 44], which indeed mimics the behavior of
free quarks. The effect of the condensate is to induce
a direction dependent Fermi velocity. Moreover, not all
quarks on the top of the Fermi sphere are paired. For
these reasons we have assumed that the EM properties
of the CCSC phase are similar to those of unpaired quark
matter. What is rigid is the modulation of the underly-
ing quark condensate that can be seen as the structure
on the top of which quarks propagate. This treatment of
the EM properties of the CCSC phase is in our opinion an
educated assumption. A detailed study of the EM prop-
erties of the CCSC phase is necessary to substantiate this
approach.
The discussion of the quark matter surface can cer-
tainly be improved including condensation effects, follow-
ing for example the discussion in [45], or viscous damping
below the star crust as in [46]. Moreover it would be in-
teresting to study whether strangelet crystals could form
on the star surface [47]. One should investigate whether
these strangelet nuggets might coexist with the CCSC
phase, presumably assuming that the surface tension of
quark matter is not too large, eventually leading to a
drastic reduction of the surface charge density.
In our simple treatment, we estimate the emitted en-
ergy of the torsional oscillations using an oscillating mag-
netic dipole. The emitted power is extremely large, for
stars with a small CFL core it is of the order of 1041η
10
erg/s, where η is a screening factor due to the presence
of the electrosphere, estimated in Eq. (40). The emitted
power steeply increases with increasing values of a, see
Fig. 5, meaning that stars with a large CFL core and a
thin CCSC crust would probably emit all the oscillation
energy in milliseconds. For a sufficiently thin crust, say
hundreds of meters thick, we expect that the emission is
at the MHz frequency.
Given the large emitted power, it is tempting to com-
pare our results with the most powerful observed EM
emissions. The radio bursts observed from Rotating Ra-
dio Transients have a duration of few milliseconds and
the associated flux energy is extremely large [48]. How-
ever, the observed frequencies are of the order of GHz,
see [49–51], whereas we found that the frequencies asso-
ciated with the n = 1, l = 1 mode of a star with a 1 km
CCSC crust are of the order of tens of kHz. If the crust is
thinner, say a few centimeters thick, then GHz frequen-
cies can be attained, but in this case the emitted power,
estimated by Eq. (39), is extremely large and the damp-
ing time should be much less than the observed millisec-
onds. A loophole might be that by Eq. (39) we are over-
estimating the emitted power by orders of magnitude.
The reason is that in Eq. (39) we are using the coherent
emission approximation, which conceivably breaks down
at such large frequencies. Moreover, we are assuming
the presence of a net positive charge, with electrons only
providing a screen for the emitted power. A more refined
treatment should include the effect of the star magnetic
field which might strongly couple the oscillation of the
star and of the electrosphere. Therefore, future work in
this direction is needed to clarify how the presented dis-
cussion of the emitted EM power changes in the presence
of strong magnetic fields, see for example [52, 53]. A
different possibility is that there exists a mechanism for
exciting predominantly modes with higher angular mo-
mentum and/or higher principal quantum numbers. In
this case, frequencies larger than tens of kHz could be
reached for stars with a thick crust, as well.
Different powerful phenomena of great interest are gi-
ant magnetar x-rays flares [54]. The observation of these
flares has posed a challenge to strange stars with no
crust [55]. The standard explanation of these flares is
indeed related with the seismic vibrations of the crust
triggered by a starquake. Typical frequencies are of the
order of hundreds of Hz at most and the emitted lumi-
nosities is of the order of 1044−1046 erg/s. The measured
decaying time is of order of minutes. In our model, oscil-
lations of hundreds of Hz can be reached only if the shear
modulus is sufficiently small, of the order of ν010
−4, mak-
ing it comparable with standard nuclear crusts, and if the
CCSC crust is sufficiently thick, say of the order of a few
kilometers, meaning that a ∼ 0.1. For these small values
of a the damping time can be of the order of hundreds
of seconds, see the last column in Table II. Basically, our
bare strange star model has frequency and decay times
compatible with magnetar flares only if it has the same
structure of a standard neutron star. The caveat is that
these flares are observed in magnetars, which are CSOs
expected to have a large magnetic field. In our simple
treatment we have neglected the effect of the background
magnetic field, which however in the case of magnetars
could be sizable.
We have neglected the effect of the temperature, as
well. Although temperature effects are negligible for
strange stars older than ∼ 10 s [56], when the tempera-
ture has dropped below the MeV scale, it would be inter-
esting to see what is the effect of a large, say ∼ 10 MeV
temperature, see for example the discussion in [41, 57].
Unfortunately, the shear modulus has only been com-
puted at vanishing temperature [26]. A detailed study of
the temperature dependence of the shear modulus and of
the response of the CCSC structure to the temperature
is needed to ascertain the correct temperature depen-
dence of the torsional oscillations. However, let us as-
sume that the CCSC structure has already formed when
the temperature is of the order of few MeV, and that it re-
sponds to the temperature as a standard material, mean-
ing that with increasing temperature the shear modulus
decreases. From Eq. (34) it follows that the frequency
of the torsional oscillation decreases, and, from Eq. (36),
that the amplitude increases. Moreover, an increasing
temperature should lead to an increase of the number
densities of the light quarks and electrons, leading to a
larger Q+. The overall effect on the radiated power is
not obvious, because in Eq. (38) we have that ω11 de-
creases, but W11 and Q+ increase; therefore a careful
study of the various contributions is necessary. Regard-
ing the emission mechanisms of the electrosphere, one
should consider the various processes that become rele-
vant at nonvanishing temperature. In particular, e+e−
production is believed to be the dominant process at high
temperature [58–61].
Finally, note that in the evaluation of the horizon-
tal displacement one should include the radial depen-
dence of the shear modulus and of the matter densities as
well as GR corrections, which are expected to be small,
but should nevertheless be considered for a more refined
study.
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